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In pancreatic β-cells, calcium oscillation signal is the core part of glucose-stimulated insulin se-
cretion. Intracellular calcium concentration oscillates in response to the intake of glucose, which
triggers the exocytosis of insulin secretory granules. ATP plays a crucial part in this process. ATP
increases as the result of glucose intake, then ATP binds to ATP-sensitive K+ channels (KATP ),
depolarizes the cell and triggers calcium oscillation, while the ion pumps on the cell membrane con-
sumes the free energy form ATP hydrolysis. Based on Betram et. al. 2004 model, we construct a
kinetic models to analyze the thermodynamic characteristics of this system, to reveal how the ATP
hydrolysis free energy affects the calcium oscillation. Our results suggest that bifurcation point is
sensitive to both the free energy level and cellular ATP level, and the insufficient ATP energy supply
would cause dysfunction of calcium oscillation.
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I. INTRODUCTION
In pancreatic β-cells, calcium oscillation signal is the core part of glucose-stimulated insulin secretion. In response
to the intake of glucose, the intracellular calcium concentration oscillates and couples the oscillation of membrane
potential, then the calcium oscillation triggers the exocytosis of insulin secretory granules1.
All biochemical systems in living cells are open system, the steady state of the system is a non-equilibrium state
that is far away from the thermodynamic equilibrium state. The Gibbs free energy of ATP hydrolysis is a typical
source of energy to drive and maintain the non-equilibrium steady state. In the calcium oscillation process for the
pancreatic β-cells, ATP plays an important role through ATP-sensitive K+ channels (KATP ) channel and calcium
pumps on the cell membrane, where ATP influences KATP
2and ATP hydrolysis provides energy for calcium pumps.
In the research of calcium oscillation in pancreatic β-cells, many mathematical models have taken ATP into
consideration3, and ATP:ADP ratio and calcium signals has been traced with time series4. However, none of the
works and models has analyzed the system from the thermodynamic aspect. Here we use dynamic model to analyze
the thermodynamic characteristics of this system, to investigate how the cellular ATP level and ATP hydrolysis free
energy affect the calcium oscillation. Our results suggest that bifurcation depends on both the free energy level and
cellular ATP level, and the insufficient ATP energy supply would cause dysfunction of calcium oscillation.
According to in-vitro studies in pancreatic β-cells, there are three oscillation modes varying in the magnitude
of frequency5. The fastest oscillation mode has a period of few seconds, and is generated by the interaction be-
tween plasma potential and intracellular calcium concentration. The other two are generated by oscillation of other
metabolites and they display periods over 10 minutes. We only focus on the fastest mode.
II. MODELING
There are several excellent works to analyze the calcium oscillation in pancreatic β-cells4. The model of Bertram et
al. involves two separated modules, glycolysis and ion transportation system, where ATP is an output of the glycolysis
process into the ion transportation process5. Here, we construct a thermodynamic valid model based on the model of
Bertram, we skip the step of glycolysis and treat the ATP and its free energy as direct input of the calcium oscillation
system, and consider the ATP hydrolysis process as reversible reactions to reveal its thermodynamic properties. For
the sake of simplification and further nonlinear dynamic analysis, we simplify Bertram’s model into a two-variable
dynamic model, containing the membrane potential and cytoplasm calcium concentration. We also abandon the
delayed rectifier activation.
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2Fig.1 illustrates the schematic mechanism of fast mode calcium oscillation in pancreatic β-cells. First, as a con-
sequence of glucose intake, ratio of ATP and ADP rises, which closes ATP-sensitive K+ channels (KATP )
2 and
causes plasma membrane’s depolarization. Plasma membrane depolarization activates voltage-gated calcium channel
(VDCC) and introduces influx of calcium ion. Intracellular calcium will rise. Because of the increase of intracellular
calcium, calcium pumps (PMCA) transport calcium ions out of cytosol at higher rate, and restore the calcium concen-
tration in cytoplasm. The active transport consumes the free energy of ATP hydrolysis. At high calcium concentration
calcium dependent potassium channel (KCa) will also open and restore the outflux of K
+, thus repolarizing the plasma
membrane. As both membrane potential and [Ca2+] are restored, a period of calcium oscillation completes. In those
processes, membrane potential is affected by channels Voltage dependent calcium channel (VDCC), ATP-sensitive K+
channel (KATP ), calcium dependent potassium channel (KCa), and a ligand-independent potassium channel (Kv).
Cytoplasm calcium is affected by PMCA and VDCC.
A. Membrane potential related channels
In our model, the differential equation for membrane potential V is as follows:
dV
dt
= −[ICa + IK + IK(Ca) + IK(ATP )]/Cm, (1)
where Cm is the membrane capacitance, ICa indicates calcium ion fluxes through VDCC, and IK indicates potassium
ion fluxes through a ligand-independent channel Kv.
The ionic currents are:
ICa = gCa ·m∞(V ) · (V − VCa), (2)
IK = gK · n∞(V ) · (V − VK), (3)
where gCa and gk are conductances for VDCC and Kv respectively, VCa and VK are Nernst potentials for calcium and
potassium, m∞ and n∞ are their activation factor adopting rapid equilibrium, vm and vn are gate opening voltages.
We incorporated m∞(V ) directly into ICa, and n∞(V ) into IK . The steady state activation functions are:
m∞(V ) = [1 + e(vm−V )/sm ]−1, (4)
n∞(V ) = [1 + e(vn−V )/sn ]−1, (5)
which have an increasing dependence on voltage and saturate at large positive voltages.
IK(Ca) indicates fluxes of K
+ through a kind of Ca2+-dependent channels, and we have
IK(Ca) = gK(Ca) · ω · (V − VK). (6)
The activation factor ω is
ω =
[Ca2+]2cyto
[Ca2+]2cyto + k
2
D
, (7)
where kD is the dissociation constant for Ca
2+ binding to the channel, and the [Ca2+]cyto is the concentration of free
calcium ions in cytoplasm.
IK(ATP ) indicates fluxes of K
+ through ATP-sensitive K+ channels, we have
IK(ATP ) = GK(ATP ) · θ · (V − VK). (8)
The activation conductance adjusts instantaneously to the concentrations of ADP and ATP (but not free energy).
The form of the open probability θ of ATP-sensitive K+ channels (KATP ) is described as:
θ =
0.08(1 + 2[MgADP−]/kdd) + 0.89([MgADP−]/kdd)2
(1 + [MgADP−]/kdd)2(1 + [ADP 3−]/ktd + [ATP 4−]/ktt)
, (9)
where [MgADP−] = 0.165[ADP ], [ADP 3−] = 0.135[ADP ], [ATP 4−] = 0.05[ATP ]. The above equation of θ on KATP
is based on the results of Magnus and Keizer (1998a)6 that fitting the experimental data of the open probability of
KATP
2. More evidence about the function of ATP hydrolysis and ATP level in KATP
7 are discussed in section III-C.
3B. Calcium pumps as active transport channels
Active transport of cytosolic calcium concentration is mainly through the transportation by ATPase PMCA. It works
as a calcium pump. When [Ca2+]cyto rises, the calcium pumps can transport calcium ions into high concentration
calcium pools (either ER or plasma) by consuming the free energy from ATP hydrolysis. In our model, we only
considered the calcium pools of the plasma, and the calcium pumps PMCA transport Ca2+ through the cell membrane
to the plasma. Because two H+ ions cross the membrane through ATPases in the opposite direction as each Ca2+
ion is transported8, the membrane potential doesn’t affect this ion transportation. By considering ATP hydrolysis
process as reversible, we obtain a thermodynamical available model. Based on Inesi’s work9, we simplify the calcium
pumps into a two-step reaction:
2Ca2+cyto + E1 +ATP
k1
GGGGGBF G
k−1
E2 +ADP, (10)
E2
k2
GGGGGBF G
k−2
2Ca2+pla + E1 + Pi. (11)
Then we have the kinetic equations for calcium pumps PMCA:
JPMCA = 2k−1[E2][ADP ]− 2k1[Ca2+]2cyto[E1][ATP ], (12)
d[E1]
dt
= k−1[E2][ADP ]− k1[Ca2+]2cyto[E1][ATP ]− k−2[Ca2+]2pla[E1][Pi] + k2[E2], (13)
−JPMCA = 2k2[E2]− 2k−2[Ca2+]2pla[E1][Pi], (14)
d[E2]
dt
= −k2[E2] + k−2[Ca2+]2pla[E1][Pi]− k−1[E2][ADP ] + k1[Ca2+]2cyto[E1][ATP ], (15)
where the [Ca2+]cyto is free calcium ions in cytoplasm, JPMCA is the rate for Ca
2+ passing through PMCA; [E1]
and [E2] represent the unbinding and binding form of ATPases respectively, and [E1] + [E2] = [ET ], a constant which
is the total amount of ATPases.
If we adopt quasi-steady assumption, where d[E1]dt =
d[E2]
dt = 0, the net transportation rate through ATPases can be
derived:
JPMCA = kpmca
k1k2[ATP ][Ca
2+]2cyto − k−1k−2[ADP ][Pi][Ca2+]2pla
k−1[ADP ] + k1[Ca2+]2cyto[ATP ] + k−2[Ca2+]2pla[Pi] + k2
(16)
kpmca substitutes 2[ET ] for convenience. Since the calcium pool in plasma is large, we consider the [Ca
2+]pla as a
constant. Also although there is consumption of ATP, its affect on ATP concentration can be ignored. According to
thermodynamic law and non-equilibrium steady state theory10, there is additional relationship that k1k2k−1k−2 = Keq =
4.9× 1011.
We have the equation for [Ca2+]cyto as:
d[Ca2+]cyto
dt
= (−αICa − JPMCA)fcyt. (17)
Considering only a fraction of Ca2+ that enters cytosol becomes free form, we use fcyt = 0.01 to denote the ratio
5.
Thus, we obtain the thermodynamic valid 2-variable model to depict the fast mode of calcium oscillation in pan-
creatic β-cells, they are Eq.1 and Eq.17. We hope this simplified model help us to reveal the function of free energy
caused by ATP hydrolysis in calcium oscillation process.
4C. [ATP] and γ affect the membrane potential and [Ca2+]cyto
The reaction of calcium pumps incorporate ATP hydrolysis, we analyze the role of ATP hydrolysis free energy in
the calcium pumps transportation. Mean while, we analyze the role of cellular ATP level and the ATP hydrolysis free
energy in the ATP-sensitive K+ channels(KATP ).
The free energy of ATP hydrolysis is defined by laws of thermodynamics as
∆GATP = ∆G
0
ATP + kBT ln
[ADP ][Pi]
ATP
. (18)
For convenience, we introduce
γ = e−∆GATP /(kBT ) = Keq
[ATP ]
[ADP ][Pi]
, (19)
Where Keq is the equilibrium constant of ATP hydrolysis under standard condition (Keq = 4.9×1011µM , according
to avalible data10).
γ is proportional to the reaction quotient of ATP hydrolysis, to substitute ∆GATP . γ determines the direction of
the hydrolysis reaction. When the biochemical reactions are at thermodynamic equilibrium state, γ = 1. Under the
physiological condition, γ ≈ 1010, the concentration for ATP and ADP are 103µM and 102µM respectively, [Pi] is
about 1 mM11. In our simulation and analysis, we assume that [Pi] is constant (1 mM), so any two of [ATP], [ADP]
and γ are independent variables, and we set ATP and γ as independent variables in the following part.
In terms of [ATP] and γ, JPMCA in Eq.16 can be rewritten as
JPMCA = kpmca
k1k2[ATP ][Ca
2+]2cyto(1− 1γ
[Ca2+]2pla
[Ca2+]2cyto
)
k−1Keq
[ATP ]
γ[Pi] + k1[Ca
2+]2cyto[ATP ] + k−2[Ca2+]2pla[Pi] + k2
(20)
The reaction direction is determined by the sign of numerator, which is determined by γ. If γ is too low, reaction
direction would be reversed and active transportation can not be reached, so there should be no calcium oscillation.
Similarly, the open probability of KATP , θ, (Eq.9) can be rewritten in terms of [ATP] and γ:
θ =
0.08 + 0.026 1kdd
Keq[ATP ]
γ[Pi] + 0.024(
1
kdd
Keq [ATP ]
γ[Pi] )
2
(1 + 0.165 1kdd
Keq[ATP ]
γ[Pi] )
2(1 + 0.135 1ktd
Keq [ATP ]
γ[Pi] + 0.05[ATP ]/ktt)
(21)
More analysis and simulation results about how the [ATP ] and γ influence the JPMCA and θ is shown in section
III-C “Thermodynamic analysis of ATP-sensitive K+ channels (KATP ) and calcium pump”.
III. RESULT
A. Oscillation border in parameter space is determined by both [ATP] and γ (or [ADP])
We assume that the concentrations of each component in ATP hydrolysis stay at some certain constant values, so
our 2-variable model aims to explain the fast calcium oscillation mode. Because the concentration of [Pi] is relative
high (1000µM) and stable10, we set [Pi] as constant, and utilize the concentration of ATP, [ATP], and γ as key
parameters to describe ATP hydrolysis process. The parameters are listed in Table 1. The simulation of time series
of our model is calculated by ode15s function of MATLAB. When [ATP]=1400 µM , γ = 1010, the calcium oscillation
is shown in Fig. 2, where the time period between pulses is 2.2 seconds and the amplitude of calcium oscillation
([Ca2+]cyto) is 0.13µM , which matches the fast oscillation in experiment
12. However, when the concentration of ATP
or the level of and γ is not high enough, such as [ATP]=900 µM and γ = 1010, the system doesn’t oscillate.
Thus [ATP] or γ can determine whether the system is in oscillatory state. Under varying [ATP] or γ the system
can become unstable and start oscillating, which is the non-linear physics term ”bifurcation”.
We first quantified the function of ATP hydrolysis in the calcium oscillation by our 2-variable model Eq.1 and 17.
In the Eq.1 of membrane potential V , the change of [ATP] and γ would affect the ATP-sensitive K+ channels, KATP .
When more ATP binds to KATP , KATP would be blocked, this results in depolarization of β-cells and triggers the
calcium oscillation. γ can also affect KATP channel. In the Eq. 17, ATPases consume energy to transport calcium
5against concentration gradient, γ significantly influence the ATPases like PMCA. Through these two channels [ATP]
and γ is affecting calcium oscillation. More quantitative analysis will be provided in the following part.
We mapped the amplitudes and frequencies of those oscillations under different [ATP] and γ. It is shown in Fig.
3. A colored region indicates oscillation exist in such [ATP] and γ values, while region in mono dark blue means no
oscillation. Border of the region is where the transition between stable and oscillating state (the transition is called
bifurcation) happens. Colors in oscillating region represent frequency and amplitude in the two sub-figures respectively.
We find that the amplitudes almost remain constant while the frequencies are much lower near bifurcation.
First we need to explain the independent role of [ATP] and γ respectively. For varying [ATP], the system oscillates
within a certain range of it. Suppose there is a increase in [ATP] with fixed γ value. When [ATP] first reaches a
certain value, KATP channel will be closed and oscillation starts, as indicated by Fig 3. That is a bifurcation. Where
[ATP] becomes too high, there is no oscillation because membrane potential can not be restored then.
Then we investigated the role of γ. Under different values of γ, the bifurcation points vary. In regard to the property
of bifurcation points’ response to γ, the figure can be divided into 4 regions: Case 1, Case 2, Case 3-I and II.
When γ > γ1 ≈ 1011, which is Case 1, γ yields no impact on bifurcation. Because when γ is in this high level, the
reaction are nearly irreversible. We consider the region of higher γ to be trivial extrapolation. It should be noticed
that Case 1 is the region where ATPases’ reaction is approximately irreversible, as previous Bertram’s model. In our
model this region is above the physiology normal value of γ ≈ 1010 for magnitudes. In fact, under the physiology
value of γ ≈ 1010, the reactions of ATPases shouldn’t be treated as irreversible ones.
When γ < γ2 ≈ 107, which is the Case 2, our model shows that the calcium oscillation can not be generated. The
reason is that PMCA lacks the energy to transport calcium against the ion concentration gradient. This demonstrates
the idea that energy consumption is necessary for non-equilibrium steady state10.
The nontrivial result is the Case 3-I and II with γ2 < γ < γ1, where the bifurcation border bends. [ATP] and γ
affect the bifurcation through the channels of KATP and PMCA. Here we utilized the non-linear dynamical method
of null-lines on the phase plane to analyze this problem, as is shown in the following subsection.
In Supplemental Information I, we also discussed a 4-variable model considering endoplasmic reticulum and a
delayed rectifier activation through KV channel, and obtained similar results as Fig. 3.
B. Analysis of Calcium Oscillation on Phase Plane
Based on the simplified 2-variable model, we investigate and analyze the fast mode of calcium oscillation in pan-
creatic β-cells on the phase plane of membrane potential V and calcium concentration in cytoplasm [Ca2+cyto].
In Fig.4, we illustrate the bifurcation of potential V and [Ca2+]cyto with different [ATP]. At low ATP concentration
(Fig.4 (b)), the V-nullcline (dVdt = 0) and the [Ca
2+]cyto - nullcline (
d[Ca2+]cyto
dt = 0) intersect and yield a stable fixed
point, a stable spiral in fact. With the raise of [ATP], the nullclines move and the fixed point becomes unstable
(Fig.4 (a)). Nearby trajectories are all driven to a limit cycle, namely a bifurcation. It is in fact a subcritical Hopf
bifurcation. The limit cycle trajectory are displayed as discrete points with same time interval. Higher density of dots
represents lower speed of evolution. The trajectory gets blocked near the fixed point, since the derivative of V and
[Ca2+]cyto are lower there. In Fig. 3, the oscillation frequency near bifurcation border is lower. Around bifurcation
border the fixed point is near to the trajectory, and this can explain the frequency change.
Fig. 5 explains how the stability of fixed points is influenced by the displace of nullclines. In our model, the evolve
rate of V is often much more larger than that of [Ca2+]cyto. The system would first reach the stable state of V under
a certain [Ca2+]cyto, and the region where V-nullcline folds is a bistable region. After the system approaches the
V-nullcline, it will then evolve towards the [Ca2+]cyto - nullcline. In the case of the left figure, the system reaches the
stable fixed point by evolving on the stable branch of V-nullcline. However in the right figure, the system can’t reach
the fixed point, and it falls off the stable branch into another. Thus the system reaches an oscillating state. Such
bifurcation has a term called ’oscillation caused by hysteresis’. This also explains why near the bifurcation border,
the fixed point is close to the oscillation trajectory. If [ATP] increases further, another bifurcation occurs and the
system would be stable again. These explains why varing [ATP] results in two bifurcation branches in Fig. 3.
C. Thermodynamic analysis of ATP-sensitive K+ channels (KATP ) and calcium pump
In Case 3-I and Case 3-II, with γ2 < γ < γ1 bifurcation border bends with varying γ. This means bifurcation
points are affected by γ. That dependance is a result of enhanced open probability θ (as defined in Eq.9) of KATP
within certain range of γ. Relationship between open probability θ of KATP and γ is shown in Fig. 6 (a). Around
physiology level of γ (γ ≈ 1010), the open probability of KATP is largely enhanced. That is further demonstrated by
6Fig. 6 (b), which is the open probability in plane of ATP and γ. In this way, high [ATP] level is necessary to restore
it in such region. In the phase plane, it means high [ATP] is needed to restore the position of V-nullcline. In fact
[Ca]2+cyto-nullcline is hardly affected in case 3. This leads to the shifts of bifurcation border.
In our model, PMCA and KATP channels are the only two that depends on γ value. To investigate the function of
KATP , in Fig. 6 (c) we modified the PMCA’s equation to make the system related to γ only through KATP . How is
that achieved is explained later. Despite the modification, the bend of bifurcation border still remains. In fact, the
high open probability in the bending region requires higher ATP to close KATP channel and trigger the oscillation.
This proves KATP is the cause of border bending.
The bend of bifurcation borders in both Case 3 I (towards higher [ATP]) and Case 3 II (towards lower [ATP])
correlate with the change in KATP open probability. The function of each case is different, though. In case 3 I, lower
energy would cause difficulty in generating oscillation, while in case 3 II the effect is contrary. It should be noticed
that case 3 I is around physiology level of γ, and would be the common case.
The above results about the γ region in case 3 is supported by the experiment observations and parameter sensitivity
analysis of our model (Appendix-II), so it is not a special results of our model based on a special set of parameters.
In above, we find that the bend of bifurcation border directly depends on open probability θ of KATP . The equation
of θ in our model is based on the experimental data2, where they demonstrated that the change of open probability
exists in γ2 < γ < γ1.
Through the mechanism how the γ affects the open probability θ of KATP is not clear, some researches have revealed
the role of ATP hydrolysis plays in KATP . KATP has been proved to possess ATPase activity
13. A theory that KATP
need ATP hydrolysis to close pore is established through experiment on trapping transition states of SUR (a subunit
of KATP , a sulfonylurea receptor which engages in ATP hydrolysis and pore opening) during ATP hydrolysis
7. This
mechanism might explain the unique γ dependance.
In this way, the γ interval where bifurcation border bends is determined by experimental data.
Furthermore, we have analyzed the parameter sensitivity numerically (Appendix B) to demonstrate numerically
that the bend of border is robust to the change of other parameters.
Furthermore, we investigate how PMCA, the calcium pump that exports calcium ions, consumes free energy to
maintain normal cellular function in calcium oscillation. With γ > γ3 ≈ 108, PMCA is hardly affected. However
impact on PMCA would be critical when γ is under γ3. The relationship between JPMCA, which is the flux through
PMCA, and γ is shown in Fig. 6 (d). When γ is relatively high, γ > γ1 ≈ 1010, the reaction of ATPase is nearly
irreversible, JPMCA would saturate to the change of γ. With low γ level (γ < γ3 ≈ 108) the function of PMCA is
significantly affected and reversible, and is different from the irreversible case. There is a minimal γ4 ≈ 107, under
which oscillation no longer exist.
We can derive a theoretical lower bound of the minimal γ4 value. The necessary condition is that JPMCA > 0,
and we can get γ >
[Ca2+]2pla
[Ca2+]2cyto
. Since the magnitude of [Ca2+]2pla and [Ca
2+]2cyto are relatively stable and well
supported5,10,12, the lower bound γlb ≈ 107 is valid. The lower bound has a good indication of the real minimal γ
value γ4.
To investigate the function of PMCA, we set the γ related term in KATP equation to be zero (1/kdd = 1/ktd = 0),
and the ATP sensitive K+ channel is not affected by γ. The ATPase’s dependance on γ still remains. The distinctive
shape of bifurcation border is lost (Fig. 6 (f)) because the reason explained above, but we still have the cut off in
low γ region. That is because the ATPases don’t have enough energy to support the oscillation. It is consistent
with the result in the activation process of yeast S phase checkpoint, where there is a positive feedback loop for the
phosphorylation of key kinase Rad5314.
PMCA reaction that doesn’t depend on γ is achieved by setting γ related terms in equation 16 to be zero. ([Pi]
terms are considered not to be related with γ, since we have already assumed [Pi] to be constant in previous section.)
In this way Eq.16 happens to transform into Michaelis-Menten form, and the reaction is irreversible:
JPMCA = kpmca
k1k2[ATP ][Ca
2+]2cyto
k1[Ca2+]2cyto[ATP ] + k−2[Ca2+]2pla[Pi] + k2
. (22)
The bifurcation border in high γ level is similar, but oscillation is not cut off by low γ in irreversible one, as is shown
in Fig 6 (c). This proves the necessity to consider reverse reaction as the γ related PMCA in our model.
On the phase plane, it can be seen that low γ add stable fixed points to the limit cycle. In Fig.4 (c), under γ as
low as 107, [Ca]2+cyto-nullcline shifts dramatically. Two other stable fixed points emerge as the nullclines intersect at
unstable branch. In this way, the system is globally stable.
7D. The glucose-stimulated calcium oscillation and insulin secretion
We know that in the normal physiology state the glucose intake will increase the cellular ATP level, we simulation
and analyze the phenomenon in Fig. 3 and Fig.7. In the glucose-stimulated insulin secretion process, an in vitro
work showed that when the level of glucose increases from 3mM to 10mM, the ratio of ATP:ADP raises from 5.1 to
11.6; γ is from 9.40 to 9.75; and ATP concentration would raise 13%, while the absolute ATP concentration is not
mentioned15. Then in Fig.7, we assume that there is a instant shift of [ATP] and γ, our simulation result suggests that
the system evolves form the stable region to the oscillating region. This provides a description of calcium oscillation
induced by glucose intake. In real organism system the transition of the parameters should be continuous and require
time, but we just focus on the stable behavior of the system.
If ∆G becomes lower due to some reasons, in some regions the bifurcation border moves sensitively to the direction
of higher [ATP] (Case 3-I), or even vanishes (Case 2), making it harder to generate the oscillation, which indicates that
around such parameters γ dominates the bifurcation process. Case 3-I where the border bend sharply under variance
of γ is not a rare case in parameter space, and it is close to physiology level where γ ≈ 1010 and [ATP ] ≈ 1000µM .
It indicates that deficiency in metabolism and energy supply may cause dysfunction of calcium oscillation. Case 2
where the oscillation behavior is cut off by low γ is a definite result of our model since oscillation depends on energy
supply.
Moreover, it is observed that the oscillation disappears when ATP gets too high16. In our model, it can be explained
as ATP passes through the second bifurcation border.
Therefore it is naturally to presume that an increase in [ATP] or γ results in the calcium oscillation, which is exactly
what glucose-stimulated insulin secretion tells us. Furthermore, a shift in the oscillation border as well as weaker cell
function in raising its ATP concentration are among the multiple reasons that cause the abnormality of β-cell.
IV. DISCUSSION
Living cells are thermodynamically considered as open systems that operate far from the equilibrium state. In
calcium oscillation, the system is in non-equilibrium, and active energy consumption is needed to sustain it.10. In
this work, we construct a thermodynamic model containing the reversible reaction of calcium pumps (PMCA) driven
by ATP hydrolysis. When ATP hydrolysis free energy level is extremely high, we can treat the calcium pumps as
irreversible. The calcium oscillation is only determined by the level of ATP. However, when the free energy is low,
especially when it is unable to support the calcium pumps, the effect is prominent. Oscillation can not be sustained.
The interesting case occurs in the middle part of ATP hydrolysis free energy, where both of the ATP level and
ATP hydrolysis free energy determine the calcium oscillation. Thus we demonstrate the necessary role of energy
consumption in living system.
The main results highlighted from our toy model is independent from the exact form and number of variables in
the models. The calcium pump consumes energy and sustains oscillation, as well as the ATP sensitive K+ channel
play important role in the system. These two channels determine calcium oscillation’s dependence on γ. In ATPases
function, the role of free energy is frequently mentioned like in Na/K pumps17. We further investigate this by putting
the ATPases in a system, and investigate the effect on the system. For KATP channel, although the detailed role of
free energy is not clear, research are undergoing on this topic1 and ATP hydrolysis is demonstrated to be relevant.
We believe that free energy is important for its proper function.
Experiments remain to be done to demonstrate our main idea that ∆G dominates the bifurcation process. To
achieving this, [ATP] and γ should be monitored simultaneously as well as calcium signal. The environments in each
cell vary, so the bifurcation border should be get by statistical analysis of multiple data. Then it’s straight forward
to show if the border is sensitive to ∆G.
Some experiment indicates that there is connection between aging and diabetes.18 ,19 Although we believe that ∆G
of ATP hydrolysis remains approximately constant in normal physiological environment, in aged cell or abnormal cell,
the ability to generate ATP and sustain a high ∆G level decreases. This leads to a difficulty in calcium oscillation.
It is also possible that a parameter’s change causes shift of the bifurcation border, resulting in similar difficulty. Our
research indicates a underlying mechanism of type II diabetes which has a higher incidence among the aged people.
There are new experimental data showing that ATP would drop with oscillation of calcium.16 There would be no
oscillation where ATP is highest. However, our model can not simulate the baseline of calcium, which is low with
highest ATP. Since our model derives from the Bertram model, this indicates that our model is still not complete.
Nevertheless, ∆G may still provide some insight over it. In a given adenosine pool, ATP:ADP ratio would change
significantly when ATP is about filling the pool. The increase of γ at highest ATP may stimulate ATPases, yielding
the lower calcium baseline as in the ”dip” area.19
8Acknowledgments
We thanks for Dr. Liangyi Chen, Dr. Chao Tang, Huixia Ren, and Chensheng Han for helpful discussions and
comments.
∗ Electronic address: qi@pku.edu.cn
† Electronic address: lft@pku.edu.cn
1 David G. Nicholls. The Pancreatic β-Cell: A Bioenergetic Perspective. Physiological Reviews, 96(4):1385–1447, October
2016.
2 William F. Hopkins, Sahba Fatherazi, Bettina Peter-Riesch, Barbara E. Corkey, and Daniel L. Cook. Two sites for adenine-
nucleotide regulation of ATP-sensitive potassium channels in mouse pancreatic β-cells and HIT cells. The Journal of
membrane biology, 129(3):287–295, 1992.
3 Thomas Nilsson, Vera Schultz, Per-Olof Berggren, Barbara E. Corkey, and Tornheim Tornheim. Temporal patterns of changes
in ATP/ADP ratio, glucose 6-phosphate and cytoplasmic free Ca2+ in glucose-stimulated pancreatic β-cells. Biochemical
Journal, 314(1):91–94, February 1996.
4 Gerardo J. Flix-Martnez and J. Rafael Godnez-Fernndez. Mathematical models of electrical activity of the pancreatic β-cell:
A physiological review. Islets, 6(3):e949195, May 2014.
5 Richard Bertram, Leslie Satin, Min Zhang, Paul Smolen, and Arthur Sherman. Calcium and Glycolysis Mediate Multiple
Bursting Modes in Pancreatic Islets. Biophysical Journal, 87(5):3074–3087, November 2004.
6 Gerhard Magnus and Joel Keizer. Model of β-cell mitochondrial calcium handling and electrical activity. I. Cytoplasmic
variables. American Journal of Physiology - Cell Physiology, 274(4):C1158–C1173, April 1998.
7 Leonid V. Zingman, Alexey E. Alekseev, Martin Bienengraeber, Denice Hodgson, Amy B. Karger, Petras P. Dzeja, and
Andre Terzic. Signaling in Channel/Enzyme Multimers: ATPase Transitions in SUR Module Gate ATP-Sensitive K+
Conductance. Neuron, 31(2):233–245, August 2001.
8 D. Levy, M. Seigneuret, A. Bluzat, and J. L. Rigaud. Evidence for proton countertransport by the sarcoplasmic reticulum
Ca2(+)-ATPase during calcium transport in reconstituted proteoliposomes with low ionic permeability. Journal of Biological
Chemistry, 265(32):19524–19534, November 1990.
9 G. Inesi. Sequential mechanism of calcium binding and translocation in sarcoplasmic reticulum adenosine triphosphatase.
Journal of Biological Chemistry, 262(34):16338–16342, May 1987.
10 Hong Qian. Phosphorylation Energy Hypothesis: Open Chemical Systems and Their Biological Functions. Annual Review
of Physical Chemistry, 58(1):113–142, 2007.
11 M. Schell, K. Kundu, and J. Ross. Dependence of thermodynamic efficiency of proton pumps on frequency of oscillatory
concentration of ATP. Proceedings of the National Academy of Sciences, 84(2):424–428, January 1987.
12 Yi-Jia Liu, Anders Tengholm, Eva Grapengiesser, Bo Hellman, and Erik Gylfe. Origin of slow and fast oscillations of Ca2+
in mouse pancreatic islets. The Journal of Physiology, 508(Pt 2):471–481, April 1998.
13 Michinori Matsuo, Noriyuki Kioka, Teruo Amachi, and Kazumitsu Ueda. Atp binding properties of the nucleotide-binding
folds of sur1. Journal of Biological Chemistry, 274(52):37479–37482, 1999.
14 ChenZi Jin, XiaoDong Yan, and FangTing Li. Non-equilibrium and stochasticity influence the activation process of the yeast
DNA damage pathway. Science China Physics, Mechanics & Astronomy, 61(2):028721, 2018.
15 Philippe Detimary, Patrick Gilon, and Jean-Claude Henquin. Interplay between cytoplasmic Ca2+ and the ATP/ADP ratio:
a feedback control mechanism in mouse pancreatic islets. Biochemical Journal, 333(2):269–274, July 1998.
16 Jia Li, HY Shuai, Erik Gylfe, and Anders Tengholm. Oscillations of sub-membrane atp in glucose-stimulated beta cells
depend on negative feedback from ca2+. Diabetologia, 56(7):1577–1586, 2013.
17 Kenneth Tran, Nicolas P. Smith, Denis S. Loiselle, and Edmund J. Crampin. A Thermodynamic Model of the Cardiac
Sarcoplasmic/Endoplasmic Ca2+ (SERCA) Pump. Biophysical Journal, 96(5):2029–2042, March 2009.
18 Luosheng Li, Aleksandra Trifunovic, Martin Khler, Yixin Wang, Jelena Petrovic Berglund, Christopher Illies, Lisa Juntti-
Berggren, Nils-Gran Larsson, and Per-Olof Berggren. Defects in β-Cell Ca2+ Dynamics in Age-Induced Diabetes. Diabetes,
63(12):4100–4114, December 2014.
19 Christopher J Barker, Luosheng Li, Martin Ko¨hler, and Per-Olof Berggren. β-cell ca2+ dynamics and function are compro-
mised in aging. Advances in biological regulation, 57:112–119, 2015.
20 Genevie`ve Dupont, Martin Falcke, Vivien Kirk, and James Sneyd. Models of calcium signalling, volume 43. Springer, 2016.
9FIG. 1: Schematic calcium oscillation system in pancreatic β-cell. Ion channels such as ATP-sensitive K+ channels (KATP ),
Voltage dependent calcium channel (VDCC), calcium dependent potassium channel (KCa), and a ligand-independent potassium
channel (Kv) and calcium pump PMCA work together to establish a feedback system involving Ca
2+,K+, membrane potential
and exhibiting oscillation. ATP is needed to trigger the oscillation through binding KATP , and to sustain the oscillation through
providing energy for PMCA.
TABLE I: Parameter setting in our model. Parameters marked as Ad are adjusted parameters, whose sensitivity analysis are
discussed in Appendix-II. The values of most parameters are adopted from the Bertram’s model, which are similar to those in
other models in essence.
Model Parameters Value Units Eq. Reference
Pi 1000 µM 18,19 10
Keq 4.9× 1011 µM 19 10
kpmca 4 µM 16 Ad
GK(ATP ) 25000 pS 8
5
gK(Ca) 600 pS 6
5
VK -75 mV 6,8,3
5
VCa 25 mV 2
5
gK 2700 pS 3
5
gCa 1000 pS 2
5
Cm 5300 fF 1
5
kD 0.5 µM 7
5
kdd 17 µM 9
6
ktd 26 µM 9
6
ktt 1 µM 9
6
vm -20 mV 4
5
vn -16 mV 4
5
sm 12 mV 4
5
sn 5 mV 4
5
[Ca2+]pla 1000 µM 16
20
k1 1 µM
−3 ms−1 16 Ad
k−1 8× 10−8 µM−1 ms−1 16 Ad
k2 5 µM ms
−1 16 Ad
α 4.5× 10−6 fA−1µM ms−1 17 5
fcyt 0.01 17
5
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FIG. 2: The fast calcium oscillation mode in our model under [ATP ] = 1400µM,γ = 1010, the frequency of oscillation is 0.46Hz.
(a) The oscillation of [Ca2+]cyto with amplitude=0.13µM . (b) The oscillation of membrane voltage with amplitude=39mV. (c)
The phase portrait of [Ca2+]cyto − v.
FIG. 3: Calcium signals in steady state (in blue) or oscillation (in green, yellow or red) under different values of [ATP] and γ .
Each point stands for a time series under a certain [ATP] and γ value. (a) The frequencies of the calcium oscillations, where
the base frequency is extracted by fast Fourier transformation (FFT). (b) The amplitudes of calcium signals, which is defined
as the peak-peak values in each time series with stable oscillation. Based on the behavior of bifurcation border, we divide the
range of γ into 4 regions: Case 1, Case 2, Case 3-I and II.
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FIG. 4: Phase plane of the calcium oscillation system. Blue line: d[Ca
2+]
dt
= 0 nullcline. Yellow line: dV
dt
= 0 nullcline. Dot
line: stable trajectory of time sequence simulation. ’O’ point: fixed point. (a) Under [ATP]=1600µM and γ = 1010, the two
nullclines yield a unstable fixed point, and a limit cycle emerges. This is a ”oscillation caused by hysteresis”, and the bifurcation
is a Hopf one.(b) Under [ATP ] = 1000µM and γ = 1010, the decreasing [ATP] makes the fixed point stable, and there is no
limit cycle. (c) Under low γ (γ = 107, [ATP ] = 4400µM), the two nullclines intersect at unstable fixed point, there are two
additional stable fixed point which eliminate the limit cycle. The system is globally stable.
FIG. 5: Illustration of bifurcation in calcium oscillation system on phaseplane. Yellow: V-nullcline (dV/dt=0). Solid: stable
branch. Dotted: unstable branch. Blue: [Ca2+]-nullcline. Red: Trajectory of the system. Green dot: fixed point. (a): The
system approaches V-nullcline first, it will then evolve towards the Ca-nullcline. The fixed point is stable and system would
rest at that state.(b): With higher [ATP], nullclines move and the fixed point becomes unstable. The system falls off the stable
branch into another and reaches an cycling state.
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FIG. 6: Thermodynamic analysis of ATP-sensitive K+ channels (KATP ) and calcium pumps. (a) γ affects the open probability
θ (in Eq. 9) of KATP . The open probability would be largely enhanced when γ < γ1 ≈ 1011. (b) The value of θ under
different [ATP] and γ. The significate change in γ < γ1 ≈ 1011 leads to the bend shape of bifurcation border in this region.
(c) Bifurcation border with only KATP related to γ (PMCA is modified). It can be seen that the bend in bifurcation border
is caused by KATP . (d) JPMCA’s dependance on γ. [Ca
2+]cyto is fixed at 0.2µM . At low γ level (γ < γ3 ≈ 108) the function
of PMCA is significantly affected. The pump would be reversed for γ < 107. (d) JPMCA under different [ATP] and γ. (f)
Bifurcation border with only PMCA related to γ (KATP is modified.). It proves that oscillation cut off in the low γ region is
caused by the reversibility of PMCA.
FIG. 7: The simulated calcium concentration under a shift in ATP/γ value. The initial [ATP]=1.80mM, γ=9.40, and the state
is stable. After addition of glucose ATP shifts to 2.03mM and γ=9.75, oscillation begins15.
